The current article presents a Lagrangian cell-centred finite volume solution methodology for simulation of metal forming processes. Details are given of the mathematical model in updated Lagrangian form, where a hyperelastoplastic J 2 constitutive relation has been employed. The cell-centred finite volume discretisation is described, where a modified discretised is proposed to alleviate erroneous hydrostatic pressure oscillations; an outline of the memory efficient segregated solution procedure is given. The accuracy and order of accuracy of the method is examined on a number of 2-D and 3-D elastoplastic benchmark test cases, where good agreement with available analytical and finite element solutions is achieved.
INTRODUCTION
For the past 40 years, there has been significant development of the finite element (FE) method for 1 metal forming problems. Traditionally, two distinct approaches have been adopted: As indicated schematically in Figure 1 , the Eulerian approach follows a domain as material flows 5 through it; whereas, the Lagrangian approach follows material as it flows through a domain. In 6 practice, there are a number of hybrid methods displaying characteristics of both approaches, 7 such as the Arbitrary Lagrangian Eulerian (ALE) method. The first FE techniques to successfully 8 simulate metal forming processes adopted the Eulerian approach. These approaches assumed the 9 plastic strains to be considerably larger than the elastic strains; consequently, the idealisation of rigid-plastic or rigid-viscoplastic material behaviour was acceptable. The main benefit of the
11
Eulerian formulation is the ability to efficiently simulate extreme deformations with no concern
12
for deteriorating mesh quality; however, drawbacks of the approach are the inability to predict the 13 elastic response, memory effects, and residual stresses e.g. prediction of spring back is not possible.
14
The flow formulation approach has been successfully applied to a large range of metal forming 15 problems including extrusion, rolling, drawing, forging, analysis of slip and die design [2] [3] [4] [5] [6] .
16
Owing to the success of the Eulerian approach and difficulties with extreme deformations, the 17 successful application of the Lagrangian approach to metal forming problems developed later [3] .
18
In the Lagrangian approach, the material is considered to be elastic-plastic or elastic-viscoplastic;
19
as a result, the formulation can predict elastic phenomena, while also allowing capturing history to simulate plastic deformation processes, e.g. see [10] [11] [12] [13] [14] [15] [16] [17] [18] . When examining the literature related 31 to the application of Lagrangian FV methods to solid mechanics, a large range of practical 32 problems have been successfully analysed [10] [11] [12] [13] ; nonetheless, there has been relatively contact boundaries based on the penalty method, the current article is the first to present an in a closed cycle of elastic deformation [64] .
55
The article is constructed as follows: Section 2 outlines the updated Lagrangian mathematical 56 model, derived from the governing momentum equation and hyperelastoplastic constitutive relation.
57
The discretisation of the mathematical model using a spatially second-order accurate cell-centred
58
FV method is presented in Section 3, along with details of the implicit iterative solution procedure 59 and frictional contact boundary conditions. In Section 4, the new method is evaluated on six separate 60 benchmark test cases, where predictions are compared to analytical solutions and FE benchmarks. 
MATHEMATICAL MODEL

Governing Equations
62
Considering an arbitrary body of volume ⌦ bounded by surface with outward pointing unit normal 63 n, the conservation of linear momentum is given in strong integral form as:
where ⇢ is the density, v is the velocity vector, is the Cauchy stress tensor, and b is a body force 65 per unit mass. 
Constitutive Relation
67
In the current study, a rate-independent isotropic hyperelastoplastic constitutive relation between 68 stress and strain is employed, as outlined in Simo and Hughes [8] , where the deformation gradient 69 F = F e · F p is multiplicatively decomposed into elastic and plastic components. The Kirchhoff
70
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71
deviatoric relation:
where the first term on the right-hand side is the volumetric component and the second term 73 on the right-hand side is the deviatoric component. Assuming incompressible (isochoric) plastic 74 deformation, the Jacobian of the elastic deformation gradient J e and the Jacobian of the deformation 75 gradient J coincide i.e. J e = J = det [F ] . The bulk modulus is K; the shear modulus is µ; I is the 76 second-order identity tensor; the elastic left Cauchy-Green deformation tensor is b e , where the 77 volume preserving componentb e is given as:
In the limit of small strains, Equation 2 reduces to the standard form of Hooke's law.
79
The classical Mises-Huber J 2 yield condition, formulated in terms of the Kirchhoff stress tensor,
80
is employed:
where the yield stress Y is a function of the hardening variable, equivalent plastic strain ✏ p eq . In the 82 current implementation, the isotropic hardening curve for the yield stress is described in a piecewise 83 linear manner; as such, the yield function can in general be a nonlinear function of the hardening 84 parameter. The associative flow rule takes the form:
where N is the return direction and s is the deviatoric component of the stress tensor s = dev[⌧ ].
86
The evolution of the hardening variable is governed by the rate equation:
The consistency parameter is subject to the standard Kuhn-Tucker loading/unloading conditions:
which along with the consistency condition: 
or equivalently in terms of the updated configuration, indicated by subscript u:
where the relative deformation gradient f relates the current deformation state and the previous 98 deformation state, referred to as the updated state. The Jacobian of the relative deformation gradient,
99
termed the relative Jacobian, is j = det[f ]. The relative deformation gradient is given in terms of the 100 displacement increment as f = I + r( u) T . Equation 10 may be written in terms of the unknown 101 displacement increments, which are considered the primary unknown variables.
102
In the current FV approach, both total Lagrangian (TL) and updated Lagrangian (UL) forms functions are specific to the shape of the element. volumetric face flux. Cell volume V n P , V o P and V oo P and volumetric face fluxVf are calculated directly from geometric considerations and satisfy the discrete form of the SCL. 2 
III. Automatic Mesh Motion
Objective of automatic mesh motion is to accommodate externally prescribed boundary deformation by changing positions of mesh points. During motion, the mesh must remain geometrically valid; 3 this condition reduces to preservation of cell and face convexness and mesh non-orthogonality bounds.
III.A. Problem Definition and Validity Constraints
A general mesh deformation problem can be stated as follows. Let D represent a domain configuration at a given time t with its bounding surface B and a valid computational mesh, Fig. 2 Mesh validity constraints indicate that a domain could be considered as a linear elastic solid body under large deformation, governed by the Piola-Kircho stress-strain formulation. This is a non-linear equation and thus expensive to solve; in this study, a numerically cheaper Laplace equation with variable di usivity is used instead.
A number of similar attempts has been reported in the past, ranging from cell-centred mesh motion solution (followed by cell-to-point interpolation), linear and non-linear spring analogy, torsional springs etc. In all cases, the critical component is control of discretisation error in the motion equation: it is this component that brings about deformation errors and algorithmic breakdown. A further complication is 
Equation Discretisation
130
To allow use of a segregated/staggered solution procedure, the surface force (diffusion term) is 131 partitioned into implicit and explicit components:
where the first term on the right-hand side is treated implicitly and the second and third terms inter-component coupled terms and nonlinear terms are treated in a deferred correction manner.
142
For each cell P , the temporal term is discretised using a first-order accurate in time fully implicit backward Euler finite differencing scheme: 
where F is the number of internal faces in cell P , 
154
The explicit surface diffusion source terms (second and third terms on the right-hand side of Equation 11) are discretised by assuming a linear variation of the term across the face:
and similarly: conventional FE methods, the current cell-centred FV discretisation is strongly conservative, both 165 locally and globally.
166
Although not the focus of the current study, it is worth briefly discussing the extension of the and/or Poisson's ratio): if the current discretisation, as is, was applied to such a case, erroneous 170 peaks in the strain/stress in the cells immediately adjacent to the interface would be expected.
171
One approach to overcome this issue for the current cell-centred FV method was proposed by material property fields to be handled in the current discretisation.
175
As regards the physical shocks (discontinuities in the solution field), the current discretisation 
191
Of course extending the current approach to employ a hybrid approach would be one approach
192
to mitigate this problem (and this will be considered in future developments); however, in the 193 current article a modified discretisation of the hydrostatic pressure term is examined in an attempt 194 to minimise these pressure oscillations.
195
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In the current updated Lagrangian formulation the hydrostatic pressure is a function of the relative Jacobian j; in the standard discretisation approach described above, the relative Jacobian j is calculated at each cell-centre as:
where the cell-centre gradient of the displacement increment r( u) is calculated using a linear least squares method. In the proposed modified approach, the relative Jacobian j is calculated as:
where the modified gradient of displacement increment term \ r( u), at the cell-centres, is calculated as:
The term [n · r( u)] f represents the normal gradient of displacement increment calculated directly 196 at the control volume face; this term is approximated using central differencing, as in Equation 13.
197
The procedure in Eq. 18, developed by Weller et al. [28] , is termed a reconstruction operation in has been found to reduce the propensity for pressure oscillations to occur. 
where the Coulomb coefficient of friction is µ fric , the normal contact stress n = n · (n · ), the slip 220 is calculated as the difference in displacement increment between one contacting surface and the 221 corresponding point on the other contacting surface in the surface tangential direction i.e. the slip 222 has no component in the surface normal direction n · = 0; the friction penalty factor is set as:
where µ is the average shear modulus of the faces on the contact boundary (not to be confused with 
Solution Procedure
231
The final discretised form of the linear momentum equation for each control volume P can be 232 arranged in the form of M linear algebraic equations, e.g. see [29, 40] :
where F is the number of internal faces of control volume P , a P is the central coefficient, a N are 234 the neighbour coefficients representing interactions with neighbour cell-centred unknowns, and b
is the source vector contribution.
236
The algebraic linear equations described above are assembled for all control volumes forming a 237 system of linear equations: Move mesh to the deformed configuration using the vertex displacements 7: end for 
where a 0 is the initial inner radius; b 0 is the initial outer radius; r 0 is radius in the initial configuration 304 of the material point at which the stresses are being calculated; and a is the current value of the
305
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307
A plot of the radial (Cauchy) stress rr at the inner boundary versus the current inner radius is 308 given in Figure 4(a) , where for the current case the modified form of the relative Jacobian calculation 309 is employed. Using the maximum difference between the predicted stress and the analytical solution 310 as a metric, the accuracy and order of accuracy of the current method may be assessed. Figure   311 4(b) shows the maximum error in radial stress to reduce at approximately a second-order rate, in 312 agreement with the second-order discretisation. The largest error can be seen to occur when the 313 inner boundary deformed radius is near to its initial radius. As the inner boundary radius increases 
Upsetting a Billet
317
The upsetting of a cylindrical billet between parallel rough dies has been used a number of times to 318 test the validity of numerical methods for analysis of metal forming problems, e.g. [72, 74, 75] .
319
The billet, with initial diameter, = 20 mm, and initial height, h = 30 mm, is upset by 60%, 320 corresponding to the a die displacement = 18 mm. The problem geometry and loading are 321 illustrated in Figure 5 (a). The material properties are given in Table II. Transient effects are   322 neglected. The contact between the die and billet is rough and is approximated here using a penalty 323 method contact procedure with a Coulomb friction coefficient of 0.5; Taylor [72] showed that such 
328
The models have been solved in double precision using 8 CPU cores (2.4 GHz Intel Ivy Bridge Hardening parameter  300 MPa Table II . Upsetting a billet: mechanical properties can be seen to quickly converge to a mesh independent solution, close to the Taylor [72] prediction. 
337
The predicted equivalent plastic strain distribution at 60% upset is shown in Figure 7 , where 
343
The predictions for the equivalent plastic strain distribution have been generated using the 344 modified approach for the relative Jacobian; the predicted equivalent plastic strain distribution using 345 the standard is almost identical; however, when the hydrostatic pressure distribution is examined, 346 the differences between the methods can be seen. No-stab No-stab The problem has additionally been analysed using commercial FE software Abaqus and the 4 096 369 cell mesh; the elements are assigned with reduced integration bi-linear shape functions. The deformed pipe geometry, at four stages of compression, is shown in Figure 11 , including 376 a comparison of the predicted hydrostatic pressure distribution with the Abaqus FE predictions.
377
Comparing the cell-wise hydrostatic pressure distributions for the modified and standard relative 378 Jacobian calculation methods, it can once again be seen that the standard approach suffers from 379 erroneous oscillations, which are largely alleviated by the modified approach. The prediction using 380 the modified approach can be seen to agree closely with the FE Abaqus predictions. 
Necking of a Cylindrical Bar
382
The necking of a cylindrical bar subjected to uniaxial tension has been commonly employed as 383 a test case to examine the ability of large strain plasticity procedures. The problem geometry is the coarsest mesh to 5 h for the finest mesh.
397
Once again for comparison, the problem has additionally been analysed using commercial FE 398 software Abaqus and the 9 600 cell mesh.
399
The predicted force versus axial elongation is shown for the different mesh densities in Figure   400 13(a); the predictions can be seen to approach the Abaqus FE fine mesh solution. In Figure 13( the relative Jacobian calculation has been employed.
421
The predicted steady-state deformed cross-section of the wire is shown in Figure 16 ; the 422 equivalent plastic strain in the wire cross-section is shown in Figure 16 (a), where bands of localised 423 plasticity, known as the blacksmith's cross, can be seen forming an X pattern, e.g. see [77] ; the 424 predicted hydrostatic pressure distribution is shown in Figure 16 The steady-state contact pressure distribution between the roller and the wire is shown in Figure   432 18(a); a characteristic horse-shoe shaped high pressure region around the front perimeter of the 433 contact region can be seen, consistent with previous studies, e.g. see [79] . Figure 18 considering that the downstream wire velocity is greater than the roller surface velocity, whereas the 439 upstream wire velocity is less than roller surface velocity; hence, at some point in the contact region,
440
the wire surface velocity and roller surface velocity must be equal, resulting in a no-slip point.
441
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The model has been solved in 1000 time increments, in double precision using 8 CPU core (2.4
451
GHz Intel Ivy Bridge cores), with wall-clock times ranging from 10 to 90 min. is employed, with a rate-independent isotropic hyperelastic J 2 elastoplastic constitutive relation.
Initial density
460
International Journal for Numerical Methods in Engineering (0000) numerical algorithm is modified to ensure preservation of linear and angular momenta. Crucially, numerical results demonstrate second order convergence for both stresses and velocities, with excellent behaviour in bending dominated scenarios. Implementation of plasticity, or other constitutive models, proves to be straightforward. The obtained solutions compare well with other alternative methodologies, such as cell centred Finite Volume or stabilised Petrov-Galerkin, previously published by the authors. Despite providing more dissipative solutions, the JST method constitutes an important alternative, as compared to other schemes, due to its computational efficiency. The proposed methodology allows for further research including irreversible processes involving shocks, which can be dealt with through more complex constitutive models and the built-in shock capturing term. In addition, contact problems can as well be investigated by using alternative Riemann solvers on the external faces. A further improvement under investigation is the development of a time integration scheme which does not require the a posteriori correction of the interface tractions in order to satisfy conservation of angular momentum. The developed methodology has been tested on six elastoplastic benchmark test cases, where 
Limitations
468
The proposed modification to the discretisation of the relative Jacobian has been found, in general, to 469 alleviate erroneous hydrostatic pressure oscillations; however, some minor oscillations can remain.
470
It is expected that extending the approach to use a hybrid pressure-displacement method (e.g. numerical algorithm is modified to ensure preservation of linear and angular momenta. Crucially, numerical results demonstrate second order convergence for both stresses and velocities, with excellent behaviour in bending dominated scenarios. Implementation of plasticity, or other constitutive models, proves to be straightforward. The obtained solutions compare well with other alternative methodologies, such as cell centred Finite Volume or stabilised Petrov-Galerkin, previously published by the authors. Despite providing more dissipative solutions, the JST method constitutes an important alternative, as compared to other schemes, due to its computational efficiency.
The proposed methodology allows for further research including irreversible processes involving shocks, which can be dealt with through more complex constitutive models and the built-in shock capturing term. In addition, contact problems can as well be investigated by using alternative Riemann solvers on the external faces. A further improvement under investigation is the development of a time integration scheme which does not require the a posteriori correction of the interface tractions in order to satisfy conservation of angular momentum. numerical algorithm is modified to ensure preservation of linear and angular momenta. Crucially, numerical results demonstrate second order convergence for both stresses and velocities, with excellent behaviour in bending dominated scenarios. Implementation of plasticity, or other constitutive models, proves to be straightforward. The obtained solutions compare well with other alternative methodologies, such as cell centred Finite Volume or stabilised Petrov-Galerkin, previously published by the authors. Despite providing more dissipative solutions, the JST method constitutes an important alternative, as compared to other schemes, due to its computational efficiency.
The proposed methodology allows for further research including irreversible processes involving shocks, which can be dealt with through more complex constitutive models and the built-in shock capturing term. In addition, contact problems can as well be investigated by using alternative Riemann solvers on the external faces. A further improvement under investigation is the development of a time integration scheme which does not require the a posteriori correction of the interface tractions in order to satisfy conservation of angular momentum. Within a control volume, the face-centred value of a tensor field may be obtained through a Taylor series expansion (higher order terms neglected) about the cell-centre:
where r f is the positional vector of the face-centre, and r P is the positional vector of the cell-centre,
481
as shown schematically in Figure 2 ; subscript f indicates a face-centre value, whereas subscript P 482 indicates a cell-centre value.
483
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where f are the face area vectors, and the face unit normals are n f = f | f | .
484
The second term on the left-hand side of the Equation 26 is small in comparison to the first term; in fact, for a linear variation of , the second term is zero. Neglecting this term, the relation becomes:
Multiplying both sides of Equation 27 by the inverse of the term ⇣ P
leads to:
During the derivation of the modified relative Jacobian discretisation, Equation 18 is constructed 
